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1.Introduction

The concept of fuzzy set was introduced by Zadeh and fuzzy metric space was developed
by Kramosil and Michalek. Sharma, Sharma and Iseki studied contraction type mapping in
random fuzzy metric space.

The concept of fuzzy random variable was introduced as an analogous notion to random
variable in order to extend statistical analysis to situations when the outcomes of some random
experiment are fuzzy sets. But in contrary to the classical statistical methods no unique definition
has been established the work of VVolker. After that many interesting random fixed point results
and several applications have appeared in the literature for example the work of Beg and
Shahazad. Gupta, Dhagat, Shrivastava introduced the fuzzy random spaces and proved common
fixed point theorem. In this paper, we give fixed point theorems in random fuzzy metric space
using three and four self mappings which satisfying contractive condition with uniqueness.
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2.Basic Preliminaries
Definition:2.1

A binary operation * :[0,1] x [0,1] — [0,1] is a t-norm if it satisfies the following conditions:

e *js commutative and associative
e *jscontinuous

e a*l=aforall ae [0,1]

e a*b < c*d whenever a<c and b<d, and a,b,c,d € [0,1]

Definition:2.2

The triple (X,M, =) is a fuzzy metric space if X is an arbitrary set, = is a continuous t-norm, M is
a fuzzy set in X2 x [0,00 ) satisfying the following conditions:

HOM(x,y,00=0

(iHM(x,y,t) = 1, v t >0 if and only if x=y

(H)M(x,y,t) = M(y, 1)

(IV)M(x,y,t) * M(y,z,s) < M(X,z,t+s), V X,y,z € Xand t,s > 0.

(VIM(x,y,.) : [0,00) — [0,1] is left continuous.

Definition:2.3

Let (X,M,*) be a fuzzy metric space. A mapping f: X — X is fuzzy contractive if there exists

1 1
< k< — -1 = B
0< k<1 such that MDD 1<k [M(x,y,t) 1]

For each x,y € Xand t> 0.
Definition:2.4

Let (X,M,*) be a fuzzy metric space. We will say that the sequence {x,,} in X is fuzzy
contractive if there exists ke (0,1) such that

1

M(Xn+1.Xn+2:t)

1

M (xn,%n+1,t)

1§k[ —1]foral|t>0,neN.

We recall that a sequence {x,, } in a metric space (X,d) is said to be contractive if there exist
0< k< 1 such that d(x,41, Xna2) < k d(x,, x,41) forall n € N.

Definition:2.5
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Throughout this chapter, (12, ) denotes a measurable space. & : 2 — X is a measurable selector.
X is any non empty set ,* is continuous t- norm, M is a fuzzy set in X2 x [0,00)

Definition:2.6

The 3- tuple (X, M, 2,*) is called a Random fuzzy metric space, if X is an arbitrary set ,* is a
continuous t-norm and M is a fuzzy set in X2 x [0,00) satisfying the following conditions for all
&x, &y, &z € X and s,t >0

M(Ex, &y, 0) =0

M(&x, Ey, t) =1 for all t>0, if and only if x=y
M(Ex, Ey.t) = M(&y, &x.t)

M(Ex, &z, t+s) = M(&x, &y,t) *M(&z, Ly.s)
M(Ex, Ey, &a): [0,1) — [0,1] is left continuous.

In follows (X,M, £,*) will denote an random fuzzy metric space. Note that M(Ex, &y,t) can be
thought of as the degree of nearness between &x and &y with respect to t. We identify &x = &y
with M(Ex, &y,t)=1 for all t>0 and M(&x, &y,t)= 0 with co. In the following example, we known
that every metric induces a fuzzy metric.

Example:2.7
Let (X,d) be a metric space.

Define a*b = ab or a*b =min {a,b} and for all x,y € X and t >0

M(Ex, &y,)= —

t+d(Ex,8y)

Then (X, M, 2,*) is a fuzzy metric space. we call this random fuzzy metric M induced by the
metric d the standard fuzzy metric.

Definition:2.8

A sequence {&x,, } in a random fuzzy metric space (X,M,2 x) is called Cauchy if
lim M (8§x,4p ,§ x, ,t)=1forallain X and t>0, p > 0.
n—-oo

A sequence {&x,, } in a random fuzzy metric space (X,M, ) is said to be Convergent to
x€ X lim M(&x, ,&x,t) =1forallain X and t>0.
n—-oco

A random fuzzy metric space (X,M,2 %) is said to be complete if every Cauchy sequence in X
converges in X.

Definition:2.9
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A function M is continuous in fuzzy metric space iff whenever &x,, — &x, &y, — &y which
implies lim M (&x,, , &y, ,t) » M(&x,8y,t)
n—-oo

Definition:2.10

Two mapping A and S on fuzzy metric space X are weakly commuting iff
M(ASEu,SAtu,t) > M(Au, Stu,t)

Lemma:2.11

For all &x, &y € X, M(Ex, &y,t) is non-decreasing.

Lemma:2.12

Let {€y,,} be a sequence in a random fuzzy metric space (X,M, £2,*) if there exists a number
q € (0,1) such that M(§y,42 , EVna1 ., qt) =M(Eyn41, EVn t)for all t>0 and n=1,2,3....then {&y,, }

is a cauchy sequence in X.

Lemma:2.13

For all €x, &y € X, t>0 and for a number q €(0,1), M(&x, &y,qt) =M(Ex, &y,t) then &x = Ey.
Definition:2.14

A binary operation *: [0,1] x [0,1] x [0,1]- [0,1] is a continuous t-norm if {[0,1],*} is an
abelian topological monoid with unit 1 such that a, * b; * ¢; = a, * b, * c, whenever a; > a,,
b1 2 bz y Cl 2 Cz,fOI' a” al, bl, Cl, az, bz, CZ € [O,l]

Preposition:2.15

Let (X,d) be a metric space. The mapping f: X— X is a contractive(a contraction) on the metric
space(X,d)with contractive constant k if and only if f is fuzzy contractive, with contractive
constant k, on the standard fuzzy metric space (X,M,,*) induced by d.

Preposition:2.16

Let (X,M,*) be a complete fuzzy metric space in which fuzzy contractive sequences are cauchy.
Let T:X—X be a fuzzy contractive mapping being k the contractive constant. Then T has a
unique fixed point.

Preposition:2.17

Let (X,M,;,*) be the standard fuzzy metric space induced by the metric d on X. The sequence
{x,} in Xis contractive in (X,d) if and only if {x,, } is fuzzy contractive in (X,My,*).
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Preposition 2.25 and 2.27 imply that preposition 2.26 is a generalization of banach fixed point
theorem to fuzzy metric spaces as defined by George and veeramani.

It is to be noted that all the prepositions are true for (Random fuzzy metric).

3.Main Result
Theorem:3.1

Let (X,2,M,*) be a complete Random fuzzy metric space in which fuzzy contractive sequences
are Cauchy and A,S and T be mappings from (X,2,M,*)into itself & :QQ =X is a measurable
selector satisfying the following conditions:

A(X) € S(X) and A(X) € T(X)

1 1
MAEOAG)D L S - ith O<k<
M(A(Ex),AEy), D) 1<k (Q(Ex.iy,t) 1) with O<k<1 and

@[min{M (58, T8y, t), M (A8x, S&x, t), M (A%y, T8y, t), M (A%x, A%y, t), M (A8, Tgy, t)}]

Where ¢ :(0,1) =(0,1) is continuous function ¢ (t)=t. The pairs A,S and T have a unique
common fixed point.

Proof:

Let £x, € X be an arbitrary point. Since A(X) € S(X) and A(X) < T(X), we build a sequence
{x,}in Xsuchthat Afx,_; =S¢&x, =Téx,

Put x=x,and y = x,,41

1 1
-1 < kl—/—7—-1
M(A(Exn),A(€xn+1),t) o (Q(Exn.ixnﬂ.t) ) @
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Q(‘Exn' Exn+1' t) =
min{M(SExnr szn+1r t), M(AEan Szxru t)) M(Azxn+1' szn+11 t)' M(Azxnr Azxn+1' t)r
o| M (Axn, TEXy 11, 1)) |

— min{M(Aé—xn—l' Aé—xn' t) ’ M(A'fxn: A'fxn—l: t), M(Afxn+lr Afxn' t)' M(Afxn' Afxn+1' t):
=o| M(A§n, A§n, 1)} |

= @[min{ M(A&x,_1, Axp, t), M(Aéxy, Alxy 41, 0)}]
Case:1
M(ASxy—1, ASxpn, t) = M(ASxy, ASXpiq,t)

i) Q(&xn, §xn11, 1) = Q[M(ALxy, ASXpi1, )] = M(ASK,, AdXpyq,0) -..(b)
Substitute (b) in (a)

1 1
-1 < -
M(Axn), A(Gxn+1),0) L=<k (M(A Exn,A xny1t) 1)

which is contradiction.

Case :2

M(Afxn—lr Afxn' t) < M(Afxn' Afxn+1f t)

ie)(Q)(Exnr Exnr, ) = Q[M(A Exp_q, Axp, )] = M(A&xp_q, A Xy
...(C

Substitute (c) in (a)

- 1<k ! 1
MAGEx), ACexn1), ) (M<Afxn_1,Axn,t>_ )

{ A(&x,)} is a fuzzy contractive sequence in (X,Q,M,*) So {A&x,} is Cauchy sequence.

As X is a complete fuzzy metric space, { A éx,,_1} is convergent. So,{ A £x,,_; }yconverges to
some point &z in X.
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{ ASxn_1} {S(8x)} {T(§x,)} converges to &z.

Put x=8v, y= &x,,_1

1 1

MAEAGm DD L = K (Q<zv.zxn_1.t) B 1) (@)
Q(Evl Exn—ll t) =

min{M (S¢v, T¢x,,_1,t), M(AEv, S¢v, t), M (Ax,,_1, TEx,_1,t), M(AEV, Alx,,_4,1),
® M (A&, T&x,_1, )} ]
= ¢[min {M(SEv, £, t), M(ALv, Stv, 1), M(Ez, &z, 1), M(AED, £, t), M(AED, £2, £)}]
= @[M(A®, &2, 0)] = M(Av, &2, 1) ..(e)
Substitute (e) in (d)

1 1
o ey = msy )
Which is contradiction
Aty = &z
§z=A%v =S&v
Similarly, Tév = &z
£2= Aty =Ttv
(A,S) and (A, T) are weakly compatible
ASEZv = SAtv which implies A&z = S&z
ATEv = TA&v which implies A§z = T¢z
Hence &z is common fixed point of A,Sand T.
Uniqueness:

Now, &v # &z

Q(&v, &z, 1)
= @[min {(M(S&v, T &z,t), M(A&v,S&v, 1), M(A &z, T &z,t), M(A &v, A &z,t), M(A &v, T €z, 1) }]

= @[min{( M(&v, &z,1), M(&v,&v, 1), M( &z, &z,1), M(&v, &z, 1), M( &, &z, 1)}]

= M(&v,&z1t)
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R A S
M(Ev,Ez,t) (M(EV, £2,t) )

which is contradiction
Hence &v = &z .A,S and T is unique common fixed point.

Theorem:3.2

Let (X,2,M,*) be a complete Random fuzzy metric space in which fuzzy contractive sequences

are Cauchy and A,B be mappings from (X,£2,M,*)into itself
A(X) ©S(X) and B(X)ST(X)

€ :Q —Xis a measurable selector and a(§)=a >0 satisfying the following conditions:

1 1
S, < _ . _
MaGoEG L = K (Q(zx,gy,t) 1)W'th O<k<land M(x,y,t) = 1

Q(Ex, &y, ) = ¢ [max{ M(SE, Tgy, t) * M(Agx, S&x, t), M(Agx, BEy, t), M(SEx, BEy, t) *
M(BEx, T¢y, )}]

where ¢ :(0,1) —(0,1) is continuous function ¢ (t)=t. The pairs A,S, B,and T have a unique

common fixed point.

Proof:

Let £x, € X be an arbitrary point. A(X) € S(X) and B(X) € T(X) we build a sequence {x,,} in X

such that &x,, =SEx, = Ax,_1 =B&x, 11 =TEX 42

Put x=&xpandy = Ex,44

1 1
-1 < klm=—/———7-1
M(A(Exn)'B(Exrwl):t) - k (Q(an'zxn+1't) ) (a)
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Q(‘Exn' Exn+1r t)=
d) [max{ M(SExn' T‘Exn+1» t) * M(AEXn» S’Exn» t)» M(Azxn' B Exn+1: t)' M(Szxnl BExn+1' t) *

M (Bzxn' T‘Exn+1r t)}]

= d) maX{M(AE'xn—l’ fon' t)M (Afxn' Afxn—lf t)' M (Afxn' fon+1l t),]

M(ASXn—_1, BEXp11,1) * M(BEXn41, BSXn_1, 1)}
=b[max{M(ASXy_1, BSxn, 1), M(AS Xy, BSxXn 11, 1), M(ASXn, BSXn 11, D}]
Case:1

M( AEx,_1,BEx, ,t) = M(AEx,, BExpys,t)

ie) Q(8xn, &Xn1, ) = QIM(ASX,_1,BEXy , )] = M(ASXp_1,B X, 1) ...(b)

Substitute (b) in (a)

1 1
COE T (M<A<fxn),B(fxn+1 ol 1>

which is contradiction.

Case :2

M(AS X, BSXpi1, ) < M(ASX,  BéXpyq,t)

ie) Q(&xn, Sxn11,t) = QIM(ASXy, BSXn11, D] = M(ASXp, BSXn4q,t) ...(c)

substitute (c) in (a)

! 1 <k ! 1
M(AGEx,), BGxn1), ) (M<Afxn,fon+1,t)_>
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{A (&x,,)}is a fuzzy contractive sequence in (X,Q,M,*) So { A&x,,} is Cauchy sequence.

As X is a complete fuzzy metric space, { Aéx,,_1} is convergent. So,{A {x,,_1 }converges to some

point &z in X.

{A&xn_1L{S Exn}, { Téxn} {B(§x,-1)} converges to &z.

Put x=8v, y=€x,,_1

1 1
— < -
M(A(EV),B(§xpn-1).t) 1=k (Q(EV.Exn_l.t) 1) ...(d)
Q(EV, Exn—l; t) =

& [max{ M(S&v, T¢x,,_1,t) * M(AEv, SEv, t), M(AEV, BEx,,_1,t), M(SEV, BEX,,_1, 1) *
M(Bzxn—l' szn—li t )}]

= ¢ [max{ M(AEv, £z, 1) * M(AEv, A&v, t), M(AEY, £z, 1), M(AE, £z, 1) * M( £z, &z, 1)}]
= ¢ [max M(Agv, §z,, 1) * (1), M(A&V, §z,,1), M(AZD, §2,1) * (1)

= ¢ [max M(AEv, £z, 1)

= M(AEv, &z, Ea, 1) .(e)

Substitute (e) in (d)

M(A(Ev;, @o = (m -1)
which is contradiction

Afv = &7

£2 = AEv=SEv

put x=&xp, and y =§v
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1 1
—_— T — < -
M(A(EXn);B(EU).t) 1 - k (Q(Exn.‘év,t) 1) (k)
Q(&x,, Ev, t) =

[& [max{ M(S&x,, T¢v,t) * M(A&x,, Stx,, t),
M(A%x,, BEv,t) M(S&x,, BEv,t) * M(BEv, T¢v,t)}] |

= ¢ [max{ M(&z, Bgv, t) * M(8z, &z, 1), M(8z, BEv, t), M(8§z, BEv) * M(BEv, BEw, t)}]
= ¢ [ max{M(Bgv, &z, 1) * (1) M(B&, &z, 1), M(BEw, &z, t) * (1)}]

= ¢ [M(BEv, &z, 1)]

=M(BEv, &z, €a, 1) ()

Substitute (1) in (k)

1 1
e @ L = imeny )
which is contradiction
B&v =&z
&z = BEv=T¢v
(A,S) and (B,T) are weakly compatible
ASEv = SAEv which implies A%z = S¢&z
BTEv = TBEv which implies BEz = T¢z
Hence &z is common fixed point of A,S,Band T.
Uniqueness:
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Now, &v # &

1 1
- 1< —
M(A(&v),B(82),t) 1=k (Q(‘g’v,Ez.t) 1)

_ max{ M(S&v, T¢z, t), M(A&v, S¢v, t), M(A&v, B¢z, t), M(S&v, B¢z, t),
kvt = ¢ M(BEz, TEz, )}

= ¢ [max{ M(8z,&v, ) * M(8z, &z, 1), M(8z, &V, 1), M(8z, &, 1) * M(8v, &v, )}]
= ¢ [max{ M(&z,&v, ) * (1), M(8z &, 1), M(8z,&v, 1) * (1)}]

= M(&z, &v, t)

1 1
— -1 < k (— — 1)
M(&z, &v, t) M &z, &v, )
which is contradiction.

Hence(&v) = (€z) A,S, B and T have a unique fixed point.

CONCLUSION:

In this paper, we have established new common fixed point theorems for three and four self-
mappings in the setting of complete random fuzzy metric spaces under suitable contractive
conditions. By constructing appropriate iterative sequences and employing the properties of
fuzzy contractive sequences, completeness, measurable selectors, and weak compatibility, we
proved the existence and uniqueness of a common fixed point for the given mappings. Hence,
the present study contributes to the ongoing development of fixed point theory in generalized
metric structures that incorporate both fuzziness and randomness. The obtained results may find
applications in nonlinear analysis, stochastic models, decision theory, and mathematical models

involving uncertainty. Future investigations may focus on relaxing compatibility conditions,
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considering multivalued mappings, or extending the results to other generalized spaces such as

probabilistic fuzzy metric spaces and intuitionistic fuzzy metric spaces.
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